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1. Introduction

The notion of distribution amplitudes (DAs) [[l] refers to matrix elements of nonlocal
light-ray operators sandwiched between the hadron state and the vacuum. The physical
interpretation of DAs is transparent in the infinite momentum frame [], in which case DAs
correspond to momentum-fraction distributions of partons in a hadron at small transverse
separation. Equivalently, DAs can be related to the transverse momentum integrals of
the hadron’s Bethe-Salpeter wave functions that appear e.g. using the formalism of the

light-cone quantization [§. Schematically,

‘kﬁl|<
o(z) N/ Md2k¢¢Bs(~’U,k1)-

The natural application of DAs in phenomenology are exclusive hard processes with large
momentum transfer which can be calculated using factorisation methods. Apart from me-
son/baryon electromagnetic form factors, this includes a large class of phenomenologically
very interesting B meson decays, such as weak decay form factors [{], the non-leptonic



decays B — Mj My, where M; is a light meson [f], and also rare radiative and semileptonic
decays, B — M~ [[f] and B — M¢T¢~ [[i], which involve flavour-changing neutral currents
and are heavily suppressed in the Standard Model, but sensitive to new-physics effects.
For these processes, the shape of the DAs is very important: in B — py vs. B — K*, for
example, the size of SU(3) breaking in the relevant DAs is presently the dominant source
of theoretical uncertainty [§|. All these decays will be studied in detail at the forthcoming
LHC, which makes the detailed investigation of the various leading and higher-twist DAs
both timely and relevant.

The crucial point and main technical difficulty in the construction of higher-twist DAs
is the necessity to satisfy the exact equations of motion (EOM), which yield relations
between physical effects of different origin: for example, using EOM, the contributions of
orbital angular momentum in the valence component of the wave function can be expressed
(for mesons) in terms of contributions of higher Fock states. An appropriate framework
for implementing these constraints was developed in ref. [f]: it is based on the derivation
of EOM relations for non-local light-ray operators [[LJ], which are solved order by order in
the conformal expansion; see ref. [[[1]] for a review and further references. In this way it is
possible to construct self-consistent approximations for the DAs, which involve a minimum
number of hadronic parameters. Another approach, based on the study of renormalons, was
suggested for twist 4 in refs. [[3, [[J: this technique is appealing as it allows one to obtain an
estimate of high-order contributions to the conformal expansion which are usually omitted.
In ref. [[4] we have generalized this approach to include SU(3)-breaking corrections and
have shown how to combine renormalon-based estimates of “genuine” twist-4 effects with
meson mass corrections.

In a series of previous papers, refs. [[5, [[§], we have developed the corresponding
formalism for vector mesons. In ref. [[7] the analysis of twist-3 DAs of light vector mesons,
p, K* and ¢, was completed, including all SU(3)-breaking effects. In this paper, we put
together the last missing pieces, completing the study of the corresponding DAs of twist
4, with the main emphasis on the calculation of SU(3)-breaking effects in the relevant
hadronic matrix elements. These corrections come from two different sources:

e SU(3) breaking of hadronic parameters: these effects are known for twist-2 and -3
parameters, see refs. [[7, [[§], but have not been studied for twist-4 parameters before.
It is convenient to separate the effects that are parametrically of order mg —m, and
vanish in the limit of equal quark mass, i.e. for p and ¢, and those of order m, 4 my,.
In a slight abuse of language we will refer to the former as G-parity-breaking, and
the latter as G-parity-conserving, respectively. The G-parity-breaking effects appear
to be more involved. For twist-2 DAs, they have been calculated, to lowest order in
the conformal expansion in refs. [[5, [§-RT)], and for twist-3 DAs in ref. [[7]; they

are unknown for twist-4 DAs;

e explicit quark-mass corrections: these affect only higher-twist DAs and are induced
by terms in mg &+ m, that appear in the QCD EOM which relate twist-4 DAs to
each other and to twist-2 and -3 DAs and in the renormalization group equations.
The mass corrections to vector meson DAs have been calculated to twist-4 accuracy



in ref. [[d). Quark-mass corrections to the evolution of DAs under a change of the
renormalisation scale have so far only been calculated for twist-3 DAs [[L7).

We shall study all these effects in this paper. The corresponding analysis of light pseu-
doscalar meson DAs, 7 and K, can be found in refs. [0, [4, BJ.

In addition, in this work we present a new analysis of the parameters of the twist-
4 DAs of the p meson. This update is long overdue: the “standard” values for these
parameters can be traced back to a nearly 20-years-old work, ref. B3 (see also [[]), and
are in fact crude estimates obtained by dividing the leading QCD contribution to the
relevant correlation functions by the typical hadronic scale. In this work we present, for
the first time, a complete treatment of the twist-4 matrix elements within the QCD sum
rule method. In particular, we resolve a puzzling discrepancy between the estimate of a
certain next-to-leading order (NLO) parameter, in conformal spin, in ref. [l and in the
renormalon model [LJ].

The presentation is organised as follows: in section f] we introduce notations and shortly
review twist-2 and -3 DAs. In section f] we introduce the complete set of chiral-even and in
section [ chiral-odd twist-4 DAs. The conformal expansions of all DAs are worked out to
NLO accuracy in conformal spin and reduced to a minimum number of non-perturbative
hadronic parameters by solving the EOM constraints. In section [], we present models for
these DAs, based on the calculation of the hadronic parameters from QCD sum rules. We
summarise and conclude in section ff. Details of the QCD sum rule calculations are given
in the appendices.

2. General framework

2.1 Kinematics and notations

Light-cone meson DAs are defined in terms of matrix elements of non-local light-ray oper-
ators extended along a certain light-like direction z,, 22 = 0, and sandwiched between the
vacuum and the meson state. Following ref. [[4], we adopt the generic notations

Star (W), Yiar(w), ... (2.1)
and

D), Whyla), ... (2.2
for two- and three-particle DAs, respectively. The superscript A denotes the polarisation of
the vector meson: A =|| (L) for longitudinal (transverse) polarisation. The first subscript
t = 2,3,4 stands for the twist; the second, M = p, K*,..., specifies the meson. For
definiteness, we will write most expressions for K* mesons, i.e. s§ bound states with ¢ =
u,d. Whenever relevant, we will include quark-mass corrections in the form m,+m,, which
allows one to obtain the results for ¢ mesons by m, — mg. The variable u in the definition
of two-particle DAs always refers to the momentum fraction carried by the quark, u = ug,
whereas 4 = 1 — u = ug is the antiquark momentum fraction. The set of variables in
the three-particle DAs, a = {a1, a2, a3} = {as, ag,04}, corresponds to the momentum
fractions carried by the quark, antiquark and gluon, respectively.



To facilitate the light-cone expansion, it is convenient to use light-like vectors p,, and
2, instead of the meson’s four-momentum P, and the coordinate x,:

2

1

x’m3.. 1 a2
2, = x, — P, —5— xP—\/xPQ—meQ*]:x [1—7[(}——19 — +0(z),
= = P |oP = \[@PP =i | = 1= TR 5, Tk 0
1 m%.
pM:PM—EzM pI;. (2.3)

The meson’s polarization vector e® can be decomposed into projections onto the two
light-like vectors and the orthogonal plane as follows:

) N ) 2
o _ ez eWp o Wz M o)
e, = . Py + P zutel, = s Pu 22 Zu | +ei,,- (2.4)

We also need the projector gj,/ onto the directions orthogonal to p and z,

1
giy = 9w — p_z(p,uzl/ +puz,u) ) (2.5)

and will often use the notations
a, = auz", b, = bupt (2.6)

for arbitrary four-vectors a, and b,,.

The dual gluon field strength tensor is defined as G, = %GWWGP". Our convention
for the covariant derivative is D,, = 9, — igA,. Sometimes, a different convention for the
sign of g is used in the literature: D, = 0, + igA,. The sign of g is relevant for the

parameters of three-particle DAs.

2.2 Conformal expansion

A convenient tool to study DAs is provided by conformal expansion, see ref. [L]] for a review.
The underlying idea is similar to partial-wave decomposition in quantum mechanics and
allows one to separate transverse and longitudinal variables in the Bethe-Salpeter wave-
function. The dependence on transverse coordinates is formulated as scale dependence of
the relevant operators and is governed by renormalisation-group equations, the dependence
on the longitudinal momentum fractions is described in terms of irreducible representations
of the corresponding symmetry group, the collinear conformal group SL(2,R). The main
rationale behind using the conformal expansion in the present context is that the EOM
always relate contributions of the same spin; a truncation of the conformal expansion to a
certain order is, therefore, consistent with the EOM.

To construct the conformal expansion for an arbitrary multi-particle distribution, one
first has to decompose each constituent field into components with fixed Lorentz-spin pro-
jection onto the light-cone. Each such component has conformal spin

1
]:§(l+8)7



where [ is the canonical dimension and s the (Lorentz-) spin projection. In particular,
[ = 3/2 for quarks and [ = 2 for gluons. A quark field is decomposed as 1, = Ay
and ¢_ = A_1 with spin projection operators Ay = v,7./(2pz) and A_ = 7.7,/(2pz),
corresponding to s = +1/2 and s = —1/2, respectively. For the gluon field strength
there are three possibilities: G| corresponds to s = +1, G)| to s = —1, and both G |
and G, correspond to s = 0. Multi-particle states built of fields with definite Lorentz-
spin projection can be expanded in irreducible representations of SL(2,R) with increasing
conformal spin. The explicit expression for the DA of an m-particle state with the lowest
possible conformal spin j = j; + ... + jm, the so-called asymptotic DA, is given by [d]

D(251 + -+ 2jm) 2j,-1 2j,-1 2 —1
. = coeadmT 2.7
¢a8(a17a27 ,Oém) F(231)F(23m) Qq Qg Qpm, ( )
Multi-particle irreducible representations with higher spin j +n,n =1,2,..., are given by

polynomials of m variables (with the constraint >_;" ; oy, = 1), which are orthogonal over
the weight function (R.7). For the two-particle DAs these are Gegenbauer polynomials, a
convenient basis of orthogonal conformal polynomials for the three-particle DAs is given
in appendix A of ref. [LT] (see also [P4]).

The anomalous dimensions of higher conformal amplitudes do, generally, increase log-
arithmically with the conformal spin, but a complete analysis of twist-4 anomalous di-
mensions is still lacking. It follows that all DAs approach their asymptotic form in the
asymptotic limit ay — 0, i.e. at the scale y — oo. For practical applications one usually
assumes that the conformal expansion is converging fast enough, so that a truncation after
the few first terms is sufficient. The renormalon model of refs. [[2, [[3J] presents an attempt
to test this assumption, by giving an upper bound for possible higher-spin contributions.

2.3 Twist-2 distributions

The twist-2 DAs ¢gff(* of K* mesons are defined in terms of the following matrix elements

of non-local operators (§ = 2u — 1) [I7]:

_ " eWy ! it P 1
0|@(x)yus(—x)|K*(P,N)) = I”(mK{ Py Pﬂ/o du e'€? [ Q;K*(u)+zm%*x2¢ﬂ;K*(u)]

=) 1 .
+ <e;(f‘) ~-pS x) /0 du e¥F? gbgLK*(u)

o py

1 oW .
—§xﬂ%m%{* /0 du P [ H;K*(u)%—(ﬁg;p(u)—2¢§K*(u)} +} (2.8)

01q(z)op s(—z) | K* (P, X)) =

. Vo epe 1
i f {(eﬁ‘)Py - el(,)‘)Pﬂ) /0 du e? [(ﬁiK*(u) + 1 m%(*:cngi‘;K* (u)]

Ny 2 ! icPx | 4l L 1
+ (Puxy, — Pyxy,) (P2)? Mg ; due Pg. e (1) — §¢2;K*(U) - §¢4;K*(u)
L o A mﬁ( ! igP 1L 1
+§ (efl ), — €, )xu) Py / du e F® {1/14;K*(u) - ¢2;K*(u)} +.. } . (2.9)
0



The above relations also include twist-3 and -4 two-particle DAs. The dots stand for further
terms in x2 which are of twist 5 or higher. The normalisation of all these DAs is given by

/1 dug(u) =1. (2.10)
0

The conformal expansion goes in terms of Gegenbauer polynomials:

A S

n=1

In this paper, we include terms up to NLO in conformal spin, i.e. truncate after n = 2.
The dependence of the Gegenbauer moments a,, on the renormalisation-scale y has been
reviewed in ref. [[7], together with the numerical values of a,, and the decay constants Iv I J‘,
these values are given in section [J.

2.4 Twist-3 distributions

To twist-3 accuracy, there is a total of four two-particle DAs and three three-particle DAs.
Two of the former, (bi o+ and (bg, i+» have already been defined in the previous subsection.
The other two are given by

1
(01@(2)yuys8(—2)| K™ (P, N)) = 5 yﬁmK €4 vof3 ()‘)paz[g/ dueigmwgf[(*(u), (2.12)

(0la(2)s(=2) K (PA) = —ifje- (e z)mi /Odue@% -(u) (2.13)

with the normalisation

/duw”“( )=1- o) ms +my (2.14)

The three-particle DAs are given by:

(01(2)9Cs (v2) 72758 (—2) [ K* (PN)) =l (p2)2eU380 e (0,p2) + ...
(013(2)9G g2 (v2)irv:5(=2)|K* (P, N) = fleamic(p2)2e )@Y g (v,p2) + ... |
(01q(2)9Gp(v2)0.55(—2) [ K*(P,A)) = freme- eV 2)(p2)@spen (v,p2),  (2.15)

where the dots denote terms of higher twist and we use the short-hand notation
Flo,pz) = / DayewH(az-artvas) £(4) (2.16)

with F(a) a three-particle DA. « is the set of parton momentum fractions a = {a1, ag, as}
and the integration measure Da is defined as

/Dg = /01 daydasdas § (1 . Zai) : (2.17)

The above DAs are not independent of each other, and their mutual interrelations
have been unravelled in ref. [[[5], including quark-mass corrections. Explicit expressions for
the conformal expansion are given in ref. [[7], together with the p-dependence of hadronic
parameters. Numerical values are given in section §.



3. Chiral-even twist-4 distributions

In this section we derive expressions for the chiral-even two- and three-particle twist-4 DAs
of the K* to NLO in the conformal expansion. The corresponding expressions for the p
were obtained in ref. [I]. In this paper we include also G-parity-violating and explicit
quark-mass corrections. We compare the resulting DAs obtained in conformal expansion
with those following from the renormalon model developed in ref. [IJ]. Numerical estimates
of the hadronic input parameters and the resulting DAs are discussed in section f.

We start with the three-particle distributions. The analysis closely follows that of
ref. [I§]. There are four chiral-even K* three-particle DAs of twist 4, defined as [If]:!

<0’6(Z)7u759éa6 (Uz)s(_z)‘K* (P7 )‘)> <e(j\(lpﬁ eLgpa> fK*mK* q{l;l K+ (UJ?Z)
ez

+<pagéu—pﬁgiu) }L*m%@ﬂ x+(v,pz)  (3.1)

) €V s
+pu (Pazs—Pp2a) (p) KoMV e (U, p2) +.

(01(2)i7,9G s (v2)5(=2) [K*(P.N) = Py (eVps = €Ol ) Flkemice @) e (v,p2)

),
+<pag§ﬂ—pﬁgju) pe JJ( 3 cI)l g (v,pz)  (3.2)
+ou (Pazﬁ —Pﬁza) W KoM= ‘1]4 K (v,pz)+...;

the dots denote terms of twist 5 and higher.

\IflLK* and {f,lLK* correspond to the light-cone projection «,G, which picks up the
s = +1/2 components of both quark and antiquark field and the s = 0 component of the
gluon field. The conformal expansion then reads:

Ul (@) = 120aazas(el + ¥ (a1 — az) + ) (3as — 1) +.. ],

\I/LI;K* (g) = 120041042043[ + 1/11 (041 2) =+ {/;g (3043 — 1) + .. ] (3.3)
G- parlty 1mphes that, for the p and ¢ meson, 1/) = g = ﬂ = 0, whereas for the K*
meson 1/) ” and 1/)” are O(ms —myg).

In turn, the DAs ®4.x+ and <I>4;K»< correspond to the light-cone projection v, G, , which
is a mixture of different quark-spin states with s, = +1/2,s5 = —1/2 and s, = —1/2, 55 =
+1/2, respectively. In both cases s = +1 for the gluon. We separate the different quark-
spin projections by introducing the auxiliary amplitudes ®'t and ®!1, defined as

(018(2)9Cuw (V2) 77075705 (—2) | K (P A)) = flewmien (6N 2) (pugis, — —pugay )@ (v, p2),
(018(2)9G (02305728 (—2) K (P, N)) = freemies (€ 2) (D9, —pug,) B (0, p2) . (3.4)

The distributions <I>L| o+ and <I>” i+ are then given by

Bise-(a) = 3 [@1 @) + 1(@)], Buxe(0) = 5[#0) ~ @ (@)].  (35)

n the notation of ref. [@ <I>L| x+ =P, ‘l/lll k=Y, @l Kr = =3 \ffﬂ;K* =V.



®'l and ®!T have a regular expansion in terms of conformal polynomials:

3
o (a) = 60az03 [(ﬁgl + ¢l (ag — 30q) + ol <a3 — 5@2)} )

11 (a) = 60a;a? M)T + o1 (g — o) + ¢ (Oég _ galﬂ . (3.6)

For the p and ¢ meson, G-parity implies
q);lp(@ (ala 012) = (I)All,Tp(qb) (OéQ, 041) ) (37)
so that gbgl = gbi”.z For K*, we write

olt =gl +ol, ol =gl 0, (3:8)

where the Hy are the G-parity-violating corrections. Using (B.5), we readily derive the
following expressions:

B} - () = 3003 {1 — az) + o] [as(1 — a3) — )

# oboutt o) = S+ )| - (o1 — ) o+ st 5 0 - 9 |

@} - (@) = 3003 {0) (1 — as) + 0] [as(1 — a3) — 6] (3.9)

+ ol [as(l ~a) — S(0} + a%)} — (a1 — ) [ L+ asol + 3 (505 - 3>¢Q] } .

In addition, we introduce one more three-particle DA Eli, (o) [

oy
_ . eNz _
(010(2) Va9 DG v (vz)s(—2)| K* (P, ) = I'L*m%*pap,, o :H;K* (v,pz) +... (3.10)

The Lorentz structure pap, is the only one relevant at twist 4. Because of the EOM
D“Géﬁ = —g Zq (thyﬁq, where the summation goes over all light flavors, EQ;K* can be
viewed as describing either a quark-antiquark-gluon or a specific four-quark Fock-state of
the K*, with the quark-antiquark pair in a colour-octet state and at the same space-time

”

point. The conformal expansion of Z ;.. starts with the conformal spin j = 4 and reads
E'ALK*(Q) = 8400 azal {&l}l +... }, (3.11)

where Sg is dimensionless. The dots stand for terms with higher conformal spin j = 5,6, ...,
which are beyond our accuracy. Eﬂ was not considered in ref. [[[] because §(|)| is G-odd and
the first G-even term only occurs at the next order in the conformal expansion, for j = 5.

Egs. B), (B.9) and (B.11)) represent the most general parametrization of the chiral-
even twist-4 DAs to NLO in the conformal-spin expansion and involve 13 non-perturba-
tive parameters. Not all of them are independent, though. In the following, we shall

2This implies, in particular, that only one of the DAs Dy, p(p) and 54;p(¢) is dynamically independent.



establish their mutual relations and also express all leading order (LO) and the G-even
NLO expansion coefficients in terms of matrix elements of local operators.

Except for = 4K the asymptotic three-particle DAs correspond to contributions of the

lowest conformal spin j = js + jg + jg = 3. The parameters ¢(|)|, Q,Z(q, gb(')' and 9(|]| multiplying
the asymptotic DAs can be expressed in terms of local matrix elements as

(019G a5 K*(P,N) = frmic-Ch. { (P P, - %mK*gﬁu> —(a g)}

1
+—f mK*C < ggu—eé )gaﬂ) 3.12)

(

. * 1
(01ggGapivus| K* (P, \)) = f me?)K* { (A) <P5P —3 m%(*gm) (a < B) }
(

f il (€95 = €5 9o - 3.13)

Here we adopt the generic notation that ¢ are G-conserving and k G-breaking parameters.
(3, k3 are twist-3 and (4, k4 twist-4 parameters.

Taking the local limit of eqgs. (B.1) and (B.2), and comparing with the above definitions,
one obtains

¢0| C3K* C4K* ) 9(')' =- ”K* +3 “L'K* ;
3 32 1

ZZ)(|)| -3 QK* 3 KHK* ’ ¢(|)| -3 <3K* +3 C4K* : (3.14)

The results for (ﬁg and 1;0 agree with those obtained in ref. [E], the others are new. Note

that the “twist-4” DAs receive contributions from both twist-3 and -4 operators. This is due

to the fact that the standard counting of twist in terms of “good” and “bad” components

introduced in ref. 2] differs from the definition of twist as “dimension minus spin” of an
operator. See also the discussion in section 2.2 of ref. [[F].

What about the scale-dependence of these parameters? The relevant local twist-4

operator mixes with operators of lower twist for mg # 0. Neglecting O(m?

<) corrections,

the mixing is given by

12 2
(@10759Ca5)"" = (@10159G )" (1 -~ ) +5 % e 0u(ais)}

(3.15)
The matrix element of the derivative operator on the right-hand side vanishes for vector
mesons, so that CJJK* renormalises multiplicatively even for mgs # 0. Resumming the
logarithm, to LO accuracy, one has

dice (1) = L)l (13), (3.16)

with L = a,(4?) /s (1)-
The scale dependence of k. can most easily be derived by observing that this pa-
rameter is related to ag and quark masses by the QCD EOM [[L9]:

i 2 2
IiLlK __3 g_fK* Mms — Mg | Ms — My (3.17)
. . )
20 f}'{* Am e 2m7,.



Taking into account the known scale dependence of ay, f[%* and my 4, one obtains

3
’fLIK* (MQ) LlK* (Mo) 20 <L32/(9ﬁ0) - 1) a!(u%)

2 21(,,2
_ <L16/(3ﬁo) > fKJZII(MO) [ms 4;”;1(#3)+<L8/50_1) [mg ;mﬂgjj(ﬂo) (3.18)

To NLO in conformal spin, the discussion becomes more involved. As explained in
ref. [{], for massless quarks the corresponding contributions can be expressed in terms of
matrix elements of the three possible G-parity-even local quark-antiquark-gluon operators
of twist 4. These three operators are not independent, however, but r”elated by the QCD

EOM. One is left with only one new non-perturbative parameter, w, . .3 which can be

defined as

) ~ 4 . = .
(Olg [ZD,u,gGuﬁ} YeV5S — 5(%(%)(19@575758% (PA) 4+ (p—v) =
= 2fK*m§(* &ﬂK* (eff‘)P,, + e,(j\)Pﬂ> . (3.19)

The scale dependence of wy .., for massless quarks, is given by

"‘)41(*( 2) LlO/ﬁo ~||

(No)
For massive quarks, the twist-4 operator mixes with operators of lower twist. These lower-

twist operators have the same Dirac structure as in (B.15), but additional derivatives acting
on the fields. This means that, in terms of DAs, <1>” 4,5+ ixes with ¢3 e+ €. (B:13), which

in turn mixes with the three-particle twist-3 DA @2; 5+ €q. (R.19), which itself mixes
with twist-2 DAs [I7. As the numerical impact of the admixture of my times lower-
twist parameters is negligible for all cases investigated so far (twist-3 and -4 pseudoscalar
parameters [[[4] and twist-3 vector parameters [[7]), we refrain from working out these
relations.

For massive quarks, one has to distinguish between G-parity-conserving and G-pari-
ty-breaking contributions. G-parity-conserving corrections do not involve new operators,
and the difference to the massless case is mainly due to corrections proportional to the

meson mass. This case is described in detail in refs. [15, [[d]. Here we just quote the results

obtained in ref. [[Ld]:

I L5l iau ST

1 12 2 12 3K* 6 3K* 8 3K* 9 4K*

1oy, 3 3~ I ~|

2—_5% _CK*+ 16 3K*‘§W3K*+7W4K*a

[ g I _wn _ 2

1 — 4 2 12 3K* 8 3K* 4 4K*

I _ I 9~ 1

2 = 30K~ JgWsk- T z W pcn s (3.20)

3In the notation of ref. [@], EELIK* = Cawi.

,10,



<3K*’ ng* and w Wy« are mass corrections.

where the terms in a Wa pes and @ Wapew are

twist-3 parameters and have been discussed in ref. [[[7].

The G-parity-breaking contributions, on the other hand, involve a different set of local
operators and in particular

71-DegGs = —g* Y (q1:1"s) (1),
Y=u,d,s

which determines the normalization and the leading conformal spin contribution to the
DA :'i i+(a) defined in eq. (B.10). Hence, a complete treatment of G-parity-breaking
=l

corrections to twist-4 DAs requires also the inclusion of = sxc+ 16 1S beyond the scope of
this paper to work out the corresponding relations between the matrix elements of local
operators and expansion coefficients. Instead, we adopt a different approach and estimate

G-parity-breaking corrections of conformal spin j = 4 using the renormalon model of

ref. [L3].

twist-4 operators by the quadratically divergent contributions that appear when the matrix

The general idea of this technique is to estimate matrix elements of “genuine”

elements are defined using a hard UV cut-off, see ref. [1J] for details and further references.
In this way, three-particle twist-4 DAs can be expressed in terms of the leading-twist DA

2K+

LR L gK*(al) gK*(az)
O, (@) = —= . _
4K*\= 6 4K 1— oy 1— s ;
|| || 7
q)HR ( ) _ 1 I 2K*(a1) 2K*(a2)
4K \E 64| 1-oy l—ay |’
\I/” R ( ) _ l I a2¢g;K* (al) al(ﬁg;[(* (d2)
4;K*\=) — 3 4K * (1 o 041)2 (1 o 042)2 )
\I/” R ( ) _ l I a2¢g;K* (al) al(ﬁg;[(* (d2)
4 K*\=) — 3 4K * (1—0[1)2 (1—0[2)2 )
:” R (a) _ _g I (%) ¢g;K* (041) B (&3] ¢g;K* (dQ) (3 21)
LR 3 VAKT 11— 1—as '

where, in contrast to ref. [I3], we do not assume that ng s+ (u) is symmetric under the

exchange u < .

The expressions in (B.21]) do not rely on conformal expansion and contain the contri-
butions of all conformal partial waves. Projecting onto the contributions with the lowest

— 11 —



spin j = 3,4, we obtain

wm: IR _ 7 IR _ 7l
0 ’ 1 12 AK* 2 20 1 4K *
SR Lo SR T SR _ T
Yo 4K 1 = 4‘11 4K 2 T T gbaK*
IR — Lol IR _ 7 R _ T
4K* 1 18 4K* 2 9 4K*>
IR _ R _ 7l R _ Tl
90 _0’ 91 10 1 4K*> 92 - 5 1 4K*
1

0 514K*'

These results have to be compared with those in eqs. (B.14), (B-20) in the limit that all
contributions from twist-2 and twist-3 parameters are set to 0. It follows that in the
renormalon model 1

~I

W4K* = —§, (323)

which has the same sign as, but is larger than the result from a QCD sum rule calculation,
see section f]. Also note that in the renormalon model 1/1” = Hg = 0, in contrast to (B.14).
This is due to the fact that the contribution in /-iL'K* in (B.14) is obtained as the matrix
element of the operator (B.13) which vanishes by the EOM (up to a total derivative),
see (B17). Therefore, against appearances, this contribution has to be interpreted as
“kinematic” mass correction induced by the non-vanishing K*-meson mass rather than a
genuine twist-4 effect. The complete expressions for the G-odd parameters {ﬂ, Q,Z)g, 9!72 and
g will contain mass corrections in terms of lower-twist parameters, whose determination
is, as said before, beyond the scope of this paper.
We are now in a position to derive expressions for the chiral-even two-particle DAs
of twist 4, <;54 o+ and ¢4 _jc+» which are defined in eq. (B.§). From the operator relations

collected in appendlx [A] we obtain:

L) = e =200 [y [ don - [20) @) + ¥ )]

T;Jﬂfw (3.24)

Mg f”* du 3K*a

ot ol = 2 (Whee0) = ol () 4 [ o [56l . (0) = 80 ) + 30 ()

0
d [ u 1
- 4% doy / dog 04_% (1 —ag — &) {2@1 Q) + HK*(Q)}
mg + mq fK*
_ — . 3.25

The latter equation has to be integrated with the boundary conditions (ﬁl, x+(0) =0 =

li, (1) which implies the relation (B.17) between a! and KHK*. The boundary condition

- 12 —



arises from the conversion of the matrix element of eq. (JA.1]) for the K* into a relation for
li K*. This derivation of (B.17) is equivalent to that given in ref. [[LY].

1/1 LK corresponds to the projection s = —l for both quark and antiquark and hence, in

the absence of quark-mass corrections in mg£m,, has an expansion in terms of Cj, 1/ 2(5 ). It
can be split into contributions from genuine twist-4 parameters which are defined in terms
of local twist-4 operators and kinematic Wandzura-Wilczek-type and mass corrections:

T4 JWW
- (u) = st (u) + 0l (). (3.26)
ﬂ:}va contains corrections explicitly proportional to mgs & m,, of which we only keep the
leading terms in (mgs + mq)l, but neglect higher powers.* We then find

20
bew = -3 A'JK*cg/Q(g) + (100! - 56}) c§/2(5),
2

9
+ <—3a¥ 3 HQK* - ? ﬂK*) C§/2(§)

27 ) 15 15 1/2
+<—%ag+1 gK*—gng*——G :'))'K*>C/ (€)

mg m fK* 9 J_l 9 5 N )
+67mK* qu {§+ (35 — 1)+ a3 55(5{ —3)+§I§;3K*(3§ —1)

+2 wag+£(56% — 3) — 6 )\?fK*(35§4 — 3062 + 3)} (3.27)

LK+ On the other hand, has no regular conformal expansion and contains logarithms
even in the chiral limit. We solve the integral relation (B.2) by substituting all DAs on
the right-hand side by their conformal expansion to NLO, implementing the boundary
condition qSlLK*(O) =0= Q;K*(l) by eliminating KHK* in favour of ag according to (B.17),
and dropping terms in (ms £ mg)"™ with n > 1. Like with ¢4 K+ we distinguish between
genuine twist-4 and mass corrections and write

() = O (w) + ol (). (3.28)

We then find:
ﬂ? (u) = 30u@” { C4K* < ‘9” +3 ‘9”> 05/2(5)}
el Y o1 1362y 4 03(10 2 P A
8400, e g U (21 — 13£%)+u”(10 — 15u+6u”) In u+a°(10 — 15u+6u) Inu

+ 801/)& {u3(2 —u)lnu —a*2 —a)lna — % (3¢% — 11)} ,

4The terms in (ms £ mq)? actually diverge for u — 0,1, which is however largely irrelevant for phe-
nomenological applications.
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I = o {4 (14 - b+ _<3K*> (ol + 23 — 2ol ) 220
+1—10 (Fob+ gk + Fukee - Z&QKQ o}
+2{—2ag e+ QK} {%uﬂ(21—13§2)
+u?(10—15u+6u*) Inwu + @ (10 — 154 + 6u°) Inu}
+4{a” -3 ﬁgK*} {u3(2 —u)lnu — a2 —a)lng — E (3{2 - 11)}

. 1
+Mff( 6uit 4 203 + 1601) + 2 (ke — al)CH2(e)

+ (G — ot ) €320 - 5 MY}

ms +my fie {(

+24 1 —3ai +6a3 )u?Inu + (1 +3a1l + 6ay )’ lnﬂ}
TN i * f[”(*
1
TN i * fK*
10 1 1 3/2 2 3/2
+20 <@+§a; ﬁwglK*) C3%(€)+ (54 Ntz af> ()
1 2 1 3/2 3/2
" (5 R T 3K*> e + EA?’K*Q”/ (5)}
. 1
M=y Jice {(5u* — 23— 54af — 10803 ) In@
— (5% — 23 + 5dai — 108a3) 1nu} . (3.29)

Recall that 4 = 1 —u and ¢ = 2u — 1. The DAs for K* = (¢3) mesons are obtained
by replacing u by 1 —u. Both (B.24) and (B.2§) agree, for the p meson, with the results
obtained in ref. [[i].

The above expressions provide a self-consistent model of the twist-4 DAs which includes
the first three terms of the conformal expansion. As mentioned above, one shortcoming of
the model is that G-parity-breaking terms in Q,Z)g and 9!2 are not known exactly, but only
in the renormalon model, eq. (B.29), which misses meson mass corrections. Numerically,
the neglected parameters may be of the same size as the included ones.

An estimate of the size of higher orders in the conformal expansion can be obtained

using the full renormalon model for wﬂf?ﬁ and (blllf?ﬁ. In this case, one has [[[J]

Il I
2 d 1 e (U U i
wﬂfTﬁR( )= —= JJK*— u/ dviz’Kz( )—u/ dviﬂfz( ) )
3 du u 0

v v

w s (U _
ﬂfﬁ’R(u)zg - /dv%ﬁ[ajta%r(u—v)lnuv]
0

—|-/uldv%(v) [u+u2+(v—u)1n ”_“} . (3.30)
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As explained in ref. [[J], the renormalon model does not take into account the damping of
higher conformal-spin contributions by the increasing anomalous dimensions and, therefore,
only provides an upper bound for their contribution. The most important effect of these
corrections is to significantly enhance the end-point behaviour of higher-twist DAs in some
cases, which can be important in phenomenological applications, for instance D — (7, K)
form factors [R6].

4. Chiral-odd distributions

The analysis of chiral-odd DAs proceeds along similar lines and, except for the inclusion
of G-odd contributions, replicates that performed in ref. [[[d]. We first define the relevant
three-particle DAs:

(01q(2)00p9G s (v2)s(=2) K™ (P, M)

N
L, 2 €772 L il 1L 1Lisd
= Ji-Mies 50— ) [PaPu95, — PsPuday — PaPvd, + PsPvIay] P3: k- (v, p2)

K N gl S N L N 1 gl(l
+ fiemie. [pae(l;gﬁy - Pﬁe(l;ga,, - pae(lggﬁu + pﬁeiggaﬂ]¢4;§g (v, )
*om? ) oL N L N o1 PYPRIRPN(:
+ fK*mK* [pueg_o)zgﬁl/ - pueiﬁ)gow - pueg_o)[gﬁ‘u + pyeiggau]®4;%l (1)7pz)
fi-mic- A A A A 1(3
+ %[papue(lgzu - pﬁpueio)ézy - papye(lgzu + pgpye(l(lzﬂ]éél;%l (U’pz)
- %[p wpue s — Papuelyza — Papuelyzs + papuel za DL (v,p2) + . (A1)

(017(2)9G w (v2)s(=2)[K* (P, V) = ifibemie [eV0py — eD0p W g (v,p2) + ...
(017(2)igG s (v2)y55(=2) [ K*(P,A)) = ifeemiee[eMpy — eVpul Wk (v,p2) + ..

_ * . A A —_
(01(2)09DaGag(v2)s(~2) K (P ) = iffeemiee [eDpy = €Dy | o Shige- (0,p2) + ..
(4.2)

The twist-3 DA @i x+ was already mentioned in section B the twist-4 DAs are related
to those defined in ref. [[[q] by @i%)* = Ti(4), \IJiK* = S and \T’th* =3, EiK* was first
introduced in ref. [[3]. As usual, the dots denote terms of higher twist.

As the matrix element in ([L.1) is G-odd, the DAs @ig?* are, in the limit of equal mass
quarks, antisymmetric under the exchange of a; and ao, whereas \I/i; i+ and \I’i o+ are
symmetric. In order to resolve the conformal structure of @i:g?*, it is useful to exploit the

fact that o,,75 is not independent of o,,, and to define the “dual” matrix element
<O\cj(z)iaa5'y5géw(vz)s(—z)\K*> = r.h.s. of (f1]) with @ig?* — E&g?* (4.3)

One easily finds

~ ~1a (3 ~ 1 L
(bé_’K* = ‘1>§‘,K* s ¢4;§(1 = —(b4;§(1 , @4;%1 — _@4;%1 ,

=1(3 (1 =1(4 L(2

(1)4;%1 = _‘1)4;%1’ (1)4;%1 = _(1)4;%1- (4.4)
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@j;gl and &>i§2 correspond to the Lorentz spin projection s = +1/2 for both quark fields

and s = 0 for the gluon. Hence the conformal expansion reads, to NLO:

b, - (@) = 12001 ag03[¢5 + ¢1 (1 — a2) + ¢ (3az — 1],

~0,; 0 (a) = ¥, (a) = 120010003[05 + 61 (a1 — a2) + 63 (3az — 1)), (4.5)

Here gz%Q are G-violating and gbf is G-conserving; the same applies to g}&}
The conformal expansion of Ei i+ starts at j = 4 and reads, to NLO accuracy:

EiK*(g) = 8400 a2y . (4.6)

The remaining DAs do not correspond to fixed values of the Lorentz-spin projection
s. Like in the chiral-even case, we introduce auxiliary amplitudes with a regular conformal

expansion:
(01G(2)7:79G (v2)s(—2) [ K* (P, N)) = i fieemie. (p2)[e0py — eV W1 (0, p2),
(017(2)7=7pi159 G (02)5(—2) [K* (P, N)) = ifitemics (p2)[e)py — eV )p] ¥ (v, pz), (4.7)

and, similarly, two more distributions ¥!! and gl by replacing v.v, — 7p7.. The DAs
in (.1) and ([{.3) are then given by:

Vi () = 3 (U1a) + 91 T(@),  Thyela) = 5 (31 (a) +¥'1(@), (1)
21 (a) = 5 (V@) - v'(), 01 Z(a) = 310) = 5 () - 7(a)).

U and U have a regular expansion in terms of conformal polynomials, to wit:

3
¥ (0) = 60az03 [vf! + vl (a2 = 300) + 0] (02 - S ).

3
() = 60103 [%T + i (as — 3ag) + i <a3 - §a1>] . (4.9)
Again G-parity ensures that for the p and ¢ mesons 1/1; l= T/Ji”- For K*, we write

el = vt +of, vl =t -0t (4.10)

where the 0~ correspond to SU(3)-breaking corrections that also violate G-parity. In-
troducing an analogous decomposition of ¥ and W!T in terms of %’J‘ and Hil, we then
find

\I/iK*(g) = 3004% {wé(l —asz) + ¢1L [as(1 — ag) — 6agas]
+ 4y [063(1 —a3) — g(a% + a%)} —(a1—a2) [Gol + 04391L+% (Bag — 3)95} } :
\TJiK*(g) = 3003 {1;({(1 — a3) 4 Ui [as(1 — a3) — 6ajas)

+ 3 [043(1 —a3) — g(a% + 063)} —(a1—as) [55 + 0435%+% (5az — 3)55} } ,
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@ig) (@) = —30a3 {5&(1 —a3) + 5% [a3(1 — a3) — 6ajas]
~ [ 3 b M _ 1 e
+ 05 |as(1—az) — 5(04% +03) | —(a1—a2) [dy + a3¢f+§ (5 — )¢y } ,

e (@) = 3003 {96(1 — ag) + 63 [o3(1 — ag) — 6oy as] (4.11)

3 [ 1 1
#6F |aa(1 = a2) - 5ot + )| ~(er—a) [vg + aavi+5 (s0a - 0|}

Our next task is to relate %’J‘ and HZ-L to local matrix elements. To LO in the conformal
expansion, the relevant matrix elements are [[Ld]

(O0lagGasl K" (PA) = iffemic Gl (€ Py — €V Pa ) |
- N . ~ A

(0ldgClpinaslK*(P.N) = i Chier (9P — R, (112)
_ X 1 A A

(01q9G apopus| K*(P,N)) = fremic {iﬁgﬂx* <€((x/\)Pﬁ + e )Pa) + Kl (G&A)Pﬁ — e )Pa>},

where again ( denotes G-parity-conserving parameters and x G-parity-breaking ones. The
twist-3 parameter K3y was investigated in ref. [[7]. Taking the local limit of ({]]) and ([£32)
and comparing with the above, one finds

Ui = cffm, ) vi = cffm, )
1 1 = n n
¢ = ?‘%K* + §H4K* , Oy = §K3K* - §R4K* ’
0 63K — 3Rk, b 63K+34K (4.13)

Whereas CjK*, ng* and /fng* are independent parameters, /@fK* depends on quark masses
and ai by a relation that is analogous to eq. (B-17]) and was obtained in ref. [21]:

Il 2 2

1 mg —m mi —m

1 1 K+ Ms q s q
= — — . 4.14
KiK 10 [ 12mpe 4m3., (4.14)

Like with Hl j+» the scale-dependence of ”i}(* follows from that of the parameters on the
right-hand side and is given by
ll

1 . [mg —mg| (13
i (1) = s () + (LY/6%) = 1) < af (uf) + (VO —1) ) [ 12mi( g
K*\I*0

(4.15)

0
_ < 18/80 _ 1) [m — mg)(u5)
4m%(*

with L = as(p?)/as(pd). In the limit of zero quark mass, the parameters (7, ZZ{ renormalise
multiplicatively [RJ:

. . ~ )
(C4T + CZ:F) (u?) = L7 /o <C4T + <4T) (15), 74+ =3Ca— 5 Cr,

(CZ:F — ZZ) (u?) = L7 /M <C4T — 54T) (15), v- =4Cy — 4Cp. (4.16)
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Again, these simple scaling relations will receive corrections from terms proportional to
the quark masses. These corrections are unknown, but based on the experience with
pseudoscalar twist-4 matrix elements [[[4] we do not expect them to be large.

The calculation of the NLO G-even corrections is pretty involved and presented in
detail in appendix B of ref. [[§). The upshot is that the six coefficients v){- 9 )i 9 ¢t and

l involve three additional genuine twist-4 parameters (Q(-35)):

L9 1 63

b= e+ e (QW) — 2 ()

G = o+ éwgﬁo - % (M) - =2 (@),

o= ket w QM) — o () + L (@),

B = o od + s e — 715 (@) + o0 (@) + £ (@)

vF =~ od — we + 2 (QU) + 12 (QP) + 2 (@)

W= k- e — 2 (@QU) - QP + 2 (). (@)

The precise definition of (Q®))) is given in ref. [[f]. wsj. is a twist-3 parameter and defined
in ref. [[7]. Existing numerical determinations of these parameters from QCD sum rules
are far from being precise, so we decide to estimate them using the renormalon model of
ref. [[[3 instead. The model entails the following expressions of the three-particle twist-4
DAs in terms of (ﬁiK*

1 1 —
L(1),R il 29 ;K*(al) a9 ;K*(OQ)
o, 0 (@) = o 0% (0) = @K*[ 2 2

(1—a)?2  (1—ay)?
THOM) = M) = —Lch. [ﬁffff)) ) %Zﬂ
\Ifi}lz”*(a) = _\Ili;?*( ) = %Czﬁ(* [%ll;[le) n %Ll;;i«iyo;z)] ,
=HR @) =~ | T2 e (an) — o) 418

which is similar to the results for the chiral-even DAs, eq. (B.2]). The model implies the
following estimates for the G-conserving twist-4 parameters in (f£.13) and ({.17):

Gt = =Gl (QWYR = —%p (QOYR = (e, (QOYR =0.  (4.19)

The G-parity-violating parameters are given by:

~ 21 ~
1R 1R 1R 1 1R
¢y =0, ¢y =0, ¢y = —%441(*@1 , Gy = —2—0441(*@1 ;
~ 21 ~ 21
1R 1R 1R 1,R
0" =0, 0" =0, 07" = —=Cigear, 0 = = (igai,
10 10
21 ~ 21 3
LR _ 1R 1R
05 C4K*001l , 0 = —— CAJ(*CHL , &= 3@%}(*@% . (4.20)
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As with chiral-even distributions, the above results provide an estimate only for the genuine
twist-4 contributions, but miss any mass corrections in terms of lower-twist parameters.
This is also the reason why qSOl, HOL, g}% and goL vanish in the renormalon model, in contrast
to eq. (f.19).

Let us now turn to the two-particle twist-4 DAs (bi; o+ and 1/J4l; o defined in eq. (R.9).
From the operator relations given in appendix [] we obtain:

Vi (u) = =y (u )+2¢3K* ) —2— /dal/ dag{ (a1 — a2 — Vg (a)

1 f « Mg +m,
o (P - o) el P P (), (a2
K*

d u
2o e (0) = =26 {0 () + - ()} +8 | do{urtae (0) = 0 ()

d [ u 4 (o1—ag—
e | daQ—{li“ [@i&?kg)—@i&?h@}—wim@}
u 0 Qs

a3

— Mg 1

The boundary condition for ¢y . is ¢f«(0) = 0 = ¢ix-(1), which implies the rela-
tion ([.14). In the renormalon model, one obtains exact expressions for these DAs [[L3]:

1,T4,R
1/}4;1(* (u) =0,

v 1
¢i§fR( ) = 8Cix- [/0 dv <u+(u—v)ln u_v> ¢2;If;(v)

v iy
1 - oo (v
+/ dv <u+(v—u)1n ! - “) %JZZ( )] . (4.23)
u
Like the chiral-even DA ¢4 K 7/’4l;K* corresponds to the projection s = —% for both

quark and antiquark and hence, in the absence of quark-mass corrections in my+m,, has an
expansion in terms of C’,i/ 2(5 ). The full Q,Z)i K+ contains corrections explicitly proportional
to mgs£my, of which we only keep the leading term in (ms:I:mq)l. To NLO in the conformal

expansion, ({.21) yields:
3 3
1 3 ~ 1 ~
+ {—5@(* — 12K — = )\%K*Jrg at+5 {H%M%_i <92¢+92Lﬂ } CH2(¢)

5 3
+ <_Z W3LK* -z a%) 01/2(5) +3 AsK*Cé/Q(@

< {3 (1+6a}) +3alC1(©) +5 (443')'[(* - 3a}) &3"(¢)

+5 (4%;@}(* - —)\L'K* +E /\QK*> 1) + = ; ( e = Bl ) 01/2(5)}

,19,



+6 L‘;rj_ s f% {(1 - 3a¥ + 6ag) ulnu + <1 + 3a” + 6a”> ﬂlnﬂ}
K* K*
ms—ms flee (o |
e (901 + 1060} )
o
4l s flf {(1 - 3a¥ + GaQ) ulnu — <1 + 3a” + 6a”> uln ﬁ} - (424)
mis [

Recall that & = 1 — uw and £ = 2u — 1. The above expression refers to a K* = (sg) meson;
for K* = (¢5), one has to replace u by 1 — .

The explicit formula for qﬁj; i+ from ({.29) is very long and complicated, so we only
give the result for my £my — 0:

_ 4 4
Q@K*(U) = 30u’u’ { (‘ Cirer — C4K + 5 + 52 35 2L>

Ao ——
25 45 3K 15 30

3 1
+< cﬁ+3n§3— mf @4—0l——ﬁ2>c?%@
1 (2 af + o wdee ) C3(E) — o Ay CY2(€)

35 2 60 °K 2 1575 “3K*3

~ 1
+ <5"‘€:J5_K* —af‘—QOgbé‘) {—4u3(2—u) In u+4a>(2—1) In ﬂ—|—§ uﬂ§(3£2—11)}

+ (2o - Bt - 22 (@) - 12 (o) (1.25)

1
x{ﬁmﬁ—1m+1mmu+ﬁmﬁ—mm+mmmu—gmqmé—QU}.

Both (f.24) and ({.25) agree, for the p meson, with the results obtained in ref. [[I].
The numerics of the above DAs will be discussed in the next section.

5. Models for distribution amplitudes

In this section we compile the numerical estimates of all necessary parameters and present
explicit models of the twist-4 two-particle DAs introduced in sections f] and [l The impor-
tant point is that these DAs are related to three-particle ones by exact QCD EOM and
have to be used together: this guarantees the consistency of the approximation. Our model
thus introduces a minimum number of non-perturbative parameters, which are defined as
matrix elements of certain local operators between the vacuum and the meson state, and
which we estimate using QCD sum rules. More sophisticated models can be constructed in
a systematic way by adding contributions of higher conformal partial waves when estimates
of the relevant non-perturbative matrix elements will become available.

Our approach involves the implicit assumption that the conformal partial wave expan-
sion is well convergent. This can be justified rigorously at large scales, since the anomalous
dimensions of all involved operators increase logarithmically with the conformal spin j, but

is non-trivial at relatively low scales of order u ~ (1-2) GeV which we choose as reference
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scale. An upper bound for the contribution of higher partial waves can be obtained from
the renormalon model.

Since orthogonal polynomials of high orders are rapidly oscillating functions, a trun-
cated expansion in conformal partial waves is, almost necessarily, oscillatory as well. Such
a behaviour is clearly unphysical, but this does not constitute a real problem since physical
observables are given by convolution integrals of DAs with smooth coefficient functions. A
classical example for this feature is the yy*-meson form factor, which is governed by the

[us o~ Y a

where the coefficients a; are exactly the “reduced matrix elements” in the conformal expan-

quantity

sion. The oscillating terms are averaged over and strongly suppressed. Stated otherwise:
models of DAs should generally be understood as distributions (in the mathematical sense).

All relevant numerical input parameters for our model DAs are given in tables [[] and g,
at the scale u = 1GeV, which is appropriate for QCD sum-rule results, and at the scale
p = 2GeV, using the scaling relations given in sections f] and [, to facilitate the comparison
with future lattice determinations of these quantities.

The parameters related to twist-2 matrix elements have been determined using various
methods; see the discussion in ref. []]. Matrix elements of twist-3 operators were also dis-
cussed in ref. [[[7]. Twist-4 matrix elements for the p were estimated a long time ago from
QCD sum rules [[(d, P3, BT. In this paper, we perform a complete reanalysis of these pa-
rameters and also include G-parity-breaking effects relevant for the K* and SU(3) breaking
for the ¢ meson. The corresponding sum rules and plots are given in the appendices.

For the chiral-even parameter Cﬂ , we find Cﬂ , = 0.07+0.03, which agrees with our

older result dp = 0.15 £ 0.10 [[d] within errors. The change is due to updated input
I

4p>
of currents with different chirality, by dividing the leading contribution (a dimension-5

power correction) by the typical hadronic scale. The result &ﬂp = 0.1 £0.1 is a crude

parameters. Another parameter, @) , was estimated, in ref. [1§], from a correlation function

estimate. In this paper we obtain (T)Ll , = —0.03£0.01, from a careful analysis of various
sum rules. This result is smaller than the previous estimate and negative, in agreement
with the prediction based on the renormalon model (B.2). Th absolute size is smaller
than the renormalon-model prediction, which is not significant, however, as the intrinsic
renormalisation scale at which the model is valid is not fixed.

Another important result is that we find ¢ + Ej 2 0. This parameter is usually set
to zero, based on the observation that the leading contribution to the correlation function
of the corresponding quark-quark-gluon operator with the electromagnetic current van-
ishes [RJ. Similarly, as discussed in ref. [[[J], there is no leading renormalon contribution
to this operator, which implies sz + Zj = 0 in the renormalon model. In appendix
we carefully investigate a number of different sum rules for sz + zzf, which are mutually
consistent and yield the results given in table fl, with C4l + Zj # 0. On the other hand, our
result for Qf — zj is consistent with older estimates based on the analysis of the leading
contribution to the chiral-odd sum rules [RJ], albeit a factor two smaller.

— 21 —



o
p=1GeV | pt=2GeV | u=1GeV | u=2GeV | u=1GeV | p =2GeV
I Mev) | 216(3) 216(3) 220(5) 220(5) 215(5) 215(5)
L MeV] | 165(9) 145(4) 185(9) 163(8) 186(9) 164(8)
al 0 0 0.03(2) 0.02(2) 0 0
ai 0 0 0.04(3) 0.03(3) 0 0
al 0.15(7) | 0.10(5) | 0.11(9) 0.08(6) 0.18(8) 0.13(6)
at 0.14(6) | 0.11(5) | 0.10(8) 0.08(6) 0.14(7) 0.11(5)
ey 0.030(10) | 0.020(9) | 0.023(8) | 0.015(6) | 0.024(8) | 0.017(6)
Al 0 0 0.035(15) |  0.017(8) 0 0
ol —0.09(3) | —0.04(2) | —0.07(3) | —0.03(2) | —0.045(15) | —0.022(8)
Kl 0 0 0.000(1) | —0.001(2) 0 0
wl, 0.15(5) | 0.09(3) | 0.10(4) 0.06(3) 0.09(3) 0.06(2)
Al 0 0 —0.008(4) | —0.004(2) 0 0
ki, 0 0 0.003(3) | —0.001(2) 0 0
wi, 0.55(25) | 0.37(19) | 0.3(1) 0.2(1) 0.20(8) 0.15(7)
2, 0 0 —0.025(20) | —0.015(10) 0 0

Table 1: Decay constants and twist-2 and -3 hadronic parameters at the scale p = 1GeV and
scaled up to = 2 GeV. The sign of the twist-3 parameters corresponds to the sign convention for
the strong coupling defined by the covariant derivative D,, = 0, —igAj;t*; they change sign if g is
fixed by D), = 0, + igAj;t". Numbers taken from ref. [ﬂ], see also ref. [E] for a detailed discussion
of the decay constants.

The resulting four two-particle twist-4 DAs, as given by (B.20), (B.25), (£.24) and ({.23),

are shown in figures [] and f. We use the renormalon-model predictions for all matrix

elements which are not known from a direct calculation. For Cj’R, we use Cj R = (¢ —
Z 1+)/2. The SU(3) breaking is moderate in (bﬂ’l, but obviously more pronounced for wﬂ’L.
This feature is mainly due to the different shape of the asymptotic DAs which vanish at
the end-points for ¢4, but are non-zero for ¥4. As is seen from the behaviour of wﬂ; K+ D
particular, figure [ll, the finite mass corrections in m, change the shape of the DA noticeably
for u — 1; this result is dominated by the terms linear in my. Keeping all quark masses,
the behaviour very close to the end-points is given by mg(ms — my)Ina for v — 1 and
ms(ms — mg)Inu for u — 0. For v — 0 the logarithmic term is dominant and causes
For

the ¢ meson, the logarithms vanish as m; — mg. A similar effect is at play for ¢iK*,

the marked asymmetry in the dashed (green) curve in the left panel of figure [l.
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1l 0.07(3) 0.06(2) 0.02(2) 0.02(2) 0.00(2) 0.00(2)
Gl 1 -0031) | =0.0201) |=0.02(1) |=0.01(1) |-0.02(1) |-0.01(1)
¢t [ =0.03(5) | —0.02(3) | —0.01(3) |-0.01(2) |—-0.01(3) |—0.01(2)
(| —0.08(5) | —0.05(3) | —0.05(4) |—0.04(2) |—0.03(4) |—0.02(2)
il |0 0 —0.025(5) | —0.020(4) | 0 0
e 0 0.013(5) | 0.011(5) | © 0

Table 2: Twist-4 parameters at the scale 4 = 1GeV and scaled up to 2 GeV. Sign convention for
the strong coupling g as for twist-3 parameters in table m

figure B, but is slightly less marked numerically. Due to the dominance of these finite-mass
corrections, the renormalon model alone gives only a poor description of the full DAs, see
figure f. In particular the size of the apex at u = 1/2 is considerably underestimated. The
apex is actually dominated by the contribution of ag’L = 1 to the DAs, see eqgs. (B.27)
and (B-29). Technically speaking, this term is a mass correction and hence not included in
the renormalon model. Despite this shortcoming, the renormalon model is very useful for
estimating otherwise only poorly constrained higher-conformal waves of twist-4 DAs, and
in particular G-parity-breaking parameters.

6. Summary and conclusions

In this paper we have studied the twist-4 two- and three-particle distribution amplitudes
of p, K* and ¢ mesons in QCD and expressed them in a model-independent way by a
minimal number of non-perturbative parameters. The work presented here is an exten-
sion of refs. [[J-[[7] and completes the analysis of SU(3)-breaking corrections by also
including G-parity-breaking corrections in mg — my to twist-4 distribution amplitudes.
Our main results are the expressions for twist-4 two-particle distribution amplitudes,
eqs. (B.24), (B.29), (f.24), (4.25), and the complete set of twist-4 input parameters, ta-
ble fl. With these results, a complete set of light-meson DAs of twist 2, 3 and 4 is available

for both pseudoscalar and vector mesons.

Our approach consists of two components. One is the use of the QCD equations of
motion, which allow dynamically dependent DAs to be expressed in terms of independent
ones. The other ingredient is conformal expansion, which makes it possible to separate
transverse and longitudinal variables in the wave functions, the former ones being governed
by renormalisation-group equations, the latter ones being described in terms of irreducible
representations of the corresponding symmetry group. We have derived expressions for all
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Figure 1: [Colour online] Left panel: 1/)!1', (B.-26)), as a function of u for the central value of the
hadronic parameters, for p = 1GeV. Solid [red] line: wllll; ,» dashed [green]: wﬂ; c+» short-dashed

[bluel[: z/;ﬂ;d). Right panel: same for L‘, (B-29).
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Figure 2: [Colour online] Same as figure [l] for 13-, ([.24), and ¢7, (.29).
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Figure 3: [Colour online] Renormalon-model predictions for qﬁﬂ;:‘ and wﬂ 1/14%,3 =0 in the renor-

i
malon model.

twist-4 two- and three-particle distribution amplitudes to NLO in the conformal expansion,
including both chiral corrections O(ms + my) and G-parity-breaking corrections O(m, —
my); the corresponding formulas are given in sections B and [ We have also generalized
the renormalon model of ref. [[3] to describe SU(3)-breaking contributions to high-order
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conformal partial waves.

We have done a complete reanalysis of the numerical values of the relevant higher-
twist hadronic parameters from QCD sum rules. Our sum rules can be compared, in the
chiral limit, with existing calculations for the p , @] Whenever possible, we have aimed
at determining these matrix elements from more than one sum rule; we find mutually
consistent results, which provides a consistency check of the approach. Our final numerical
results, at the scales 1 and 2 GeV, are collected in table Pl Any substantial improvement
of these results will require input from alternative non-perturbative methods, in particular
lattice calculations.

We hope that our results will contribute to a better understanding of SU(3)-breaking
effects in hard exclusive processes and in particular in the decays of B, 4 and B, mesons

into final states containing light vector mesons.
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A. Non-local operator identities

For completeness, we quote the following non-local operator identities from refs. [[[§, 1)

1

a%@(ﬂf)%ﬁ(—x) = —i/ dvvq(2)Ta9Gap(vE)yus(—x)+i(ms+mq)q(x)s(—z), (A1)
m -1
1
Oula(yys-a)} = i [ dvaa)ngCoy(vaus(—a) = ilm. — my)ala)s(~a), (A2)
8 1

Ouq(x)os(—x) = —i

S a@s-o)+ [

1 dv vq(z)x,9G o (vE)s(—x)

1
—i/1dv(j(:ﬂ)xngpﬂ(vx)UWS(—:c)—(ms—i—mq)(j(:c)’y,,s(—x), (A.3)

1
g—wu q(x)os(—x) = —i0,q(x)s(—x) + /_1 dv q(z)x,9G 5 (vE)s(—x)

1
_ Z/ldv 0q(2)2pgG pp (V)T s(—2) + (s —mg) G (z) vy 8(—1). (A4)

Here (9ﬂ is the total derivative defined as
_ o
Ouiq(x)l's(—z)} = . {Gx+y)|z+y,—z+yls(—z+y)}
H y—0

By taking matrix elements of the above relations between the vacuum and the meson
state, one obtains exact integral representations for those DAs that are not dynamically

independent.
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B. Chiral-even twist-4 parameters

In this appendix we calculate the parameters C 4 and w” defined in eqgs. (B.19) and (B.19).
We shall obtain them from QCD sum rules, using various correlation functions of either
identical currents, so-called diagonal sum rules, or different currents, so-called non-diagonal
sum rules. We shall further distinguish between pure-parity (PP) and mized-parity (MP)
sum rules, depending on the parity of hadronic states that contribute to these correlation
functions.

Let us first consider the non-diagonal correlation function

22" / d*ye™ P (0|Tq(2)gCa (v2)7*55(0)5(y) 1 a(y)10) = (p2)* / Dae P02t (q),
(B.1)
where both currents have the same chirality. The integration measure Dq is defined
in (R.17). This is a MP correlation function, with both J¥ = 1= and 0T states con-
tributing. We have calculated the OPE including condensates up to dimension 6:

2
Qs o, [ 1 1 1 <as 2>
= - In - — (%2 s
() 530" In s a1a2a3{ o — o) + ol = a2)} 2 \ 7 (a3)

%ﬁ%mq@@ [ag(ag —3)5(a2) — a35z35'(0é2)}
+3L])2%ms(ss> [as(as — 3)6(ar) — asas8' (o)
- 22 a2 — afn(aaae) + dsas) [maadlas) + my(ss)5(a)
+ 7 [grmnss)? + gmatsoG) | o(en)blas)
+ ]% [%ms(q(p + z{)mq(qaqu>]5( 2)0(a3)
— gormas(a0) (59)3(an)b(as). (B-2)

In the local limit and zero quark masses, the result agrees with the calculation in ref. [27).
In the product of §-functions ¢’(a 2)0(c + a2 + g — 1), 0 has to be integrated over before
J.

From (B.2) we obtain the following sum rules:

4 oy _ _
(£l I )2mie Jll e M /M? T 3M4{1— (2 so/MQ)}_i_g? (mg(qq) + ms(ss))
2 ag - _ 8 M?
+5 2 maad) +m(59) {549 o S+ DO/ |

1 jas 9 1 _ _
+6 <?G >—|— W (mg(qgGoq) + ms(59Gos))
871'(13 { } _ 167Tas
9]\/[2

q)(8s), (B.3)
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(qq) = (~0.24 £ 0,01 GeV3 | (s5) = (1 - 83) (q9)

(GogGaq) = mi (qq) (sogGs) = (1 — b5)(qogGyq)
<% G > (0.012 =+ 0.006) GeV* | (63 FG3) = (0.08 + 0.02) GeVS  [BF]

m% = (0.8+0.1)GeV?, d3=0240.2, 65 =02+02
Ms(2GeV) = (100 £ 20) MeV  —— T (1GeV) = (133 £ 27) MeV
as(mz) = 0.1176 £0.002 «—— a,(1GeV) = 0.497 + 0.005

Table 3: Input parameters for sum rules at the renormalization scale p = 1 GeV. The value of m
is obtained from unquenched lattice calculations with Ny = 2 light quark flavours as summarized
in ref. [29], which agrees with the results from QCD sum-rule calculations [Bd]. as(mz) is the PDG
average [BI]

19 Qs (ma
648 71

)
(fx I )Qm%(*wﬂ e e /M? 2590; 3 M*{1-T1(2,s0/M?)} —

11 Qs
324 7

qq) +ms(ss))

(o) +ma(55) | 37—t e 0(0,0/00%) |

1 /oy 2 _ _
~5 < G2> ~ (mg(qgGoq) + ms(59Gos))
16Tas 2, 407TOés e

“ogpe ")~ S (09(59).

(B.4)

where ) -
2
I'(a,s0/M?) = ) /O dss®Les/M”,

(B.3) follows from (B.2) by integration over Da with the weight factor 1, and (B.4) by
integration with weight factor (a3 —4/9)/2, see eq. (B.19). The sum rules for p are obtained
by letting s — ¢ and those for ¢ by letting ¢ — s.

We evaluate the above sum rules using the input parameters collected in tables [ and J;
the results, for central values of the input parameters, are shown in figure [

The sum rules are dominated by the contribution of the gluon condensate; the impact of
the specific value of the continuum threshold sq is only moderate. The figure also shows that
the impact of SU(3)-breaking is very relevant: the contributions of the quark and mixed
condensate reduce the values of C 4y and w” In the Borel-window 1 GeV? < M? < 2GeV?,
and including the input-parameter uncertainties given in table [J, we find, at the scale

uw=1GeV:

¢h, =007£003, @, =-0.03+0.01,
I =0.02+0.02, aﬂK* = —0.02+0.01,
by =0.00£0.02, By, =-0.02%0.01. (B.5)

We have added in quadrature all individual sources of uncertainty. The total error is

dominated by that of the gluon condensate.
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Figure 4: [Colour online] JJV (left) and J}ﬂv (right) from the non-diagonal MP sum rules ([B.3)
and (B.4) as functions of M?, for central values of the input parameters. Solid [red] lines: p
(so = 1.5CGeV?), long dashes [green]: K* (so = 1.8 GeV?), short dashes [blue]: ¢ (so = 2 GeV?).
All parameters are evaluated at the scale p = 1GeV.

For ¢ A'J +» We also consider diagonal sum rules which can be obtained from the corre-
lation function

I, = i/d4:6 (O[T T, () (1)1 (0)[0) = pupe 1§ (P°) = g T (9°), (B.6)

with the current JX =q géuawa%s. For p, Hg, , was calculated in ref. [R7, while the
SU(3)-corrections were calculated in ref. [[4], including contributions from condensates
up to dimension 8. The suitability of this correlation function for extracting ( JJK* is not
immediately obvious: II} contains contributions not only of vector mesons, but also of
hybrid 07 mesons, whose coupling to .J X is much larger than that of the K*, ruling out the

possibility to construct a MP sum rule for ¢ A'J i+~ This situation is qualitatively different from
that of the non-diagonal correlation function (B.1]), where the presence of 57, ¢ removes all
contributions from hybrid mesons. We hence focus on the PP function I1}. From ref. L4,
we quote

p _i<%G2>p21nu_2

Iy = ——pf1
22003 P M T2 T 36\ 1 2

2 2

- g_;[mq<‘7q> +m(55)]p* In _M—pz + 10;; [ms(@q) + mq(5s)]p* In _“—p2
+ 8779% (ag)(ss) = 19;T2 ($*fG?)
- %% [mq(GogGa) +ms(509Gs)] In _“_;
- %% [ms(qogGq) + my(509Gs)] In _’“‘_;2
%mﬁ[(q@? + (53)"] - %m3<6®<58>

+ 187T7 <% G2> [mq(qq) + ms(ss)] + 6ip2 <% G2> [ms(Gq) + my(3s)]. (B.7)
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Figure 5: [Colour online] JJV from (B.g). Solid [red] line: p, long dashes [green]: K*, short dashes

[blue]: ¢. Same input parameters as in figure E

The PP sum rule for CJJK* is
2 2 2
() e (el 2 e 7 — Bty (B3)

where BsubHY is the continuum-subtracted Borel transform of HY, which we define as

e}

80
Bsub ds P(5)2 = / ds eis/M2p(S)a
0 §—=D 0

in terms of the dispersive representation of I1{. For p, the above sum rule was derived and
analysed in ref. [R7. It features a large negative contribution from the gluon condensate
which, for Borel parameters M? ~ 2GeV? and continuum thresholds sg between 1.3 and
3GeV?, drives the right-hand side of (B-§) negative. In ref. [27] it was argued that this
large negative contribution signals the presence of a larger mass scale ~ 2GeV in the
spectral density and is indicative for a breakdown of quark-hadron duality, at least if the
usual simple continuum model with only one resonance, the p, is used. A remedy is the use
of a more appropriate continuum model including higher mass states like p(1450). This
automatically increases sg, but it also turns out that the coupling of p(1450) to the gluonic
current JX is larger than that of p(770), which does not really help the determination of

Cﬂp. An alternative is to analyse (B.§) for small M? ~ 1GeV?, where duality still works
and the suppression of higher-mass resonances is effective. Numerically, the sum rule is
then dominated by the gluon and the dimension-8 condensate (Gq){(gogGq). Clearly such a
sum rule cannot give an accurate estimate of Jllv, so we only use it as a consistency check
for the results obtained from (B.J) and, in particular, the large SU(3) breaking. The results
from (B.§) are shown in figure | Note that the breakdown of duality sets in the earlier,
the heavier the meson. Although it is not possible to extract precise values for z|1|v’ we see
that the values are not inconsistent with the results from the non-diagonal sum rule, (B.j),
and that in particular the relative hierarchy, CJ;' » > ¢ J1| e > leld), is reproduced.

Our final results are given in (B.§). A comparison with earlier determinations is given
in section [{.
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C. Chiral-odd twist-4 parameters

In this appendix we calculate
Cx = i * G- (C1)

Like for C 1xc+» we consider both non-diagonal and diagonal sum rules — the former for all
mesons, the latter only for p. We also consider PP and MP sum rules. To distinguish
between the results of these sum rules, the following notation proves convenient:

L
. 2
G D(ND),PP(MP) (C2)

Let us start with the non-diagonal sum rules for Ci, yielding Ci The

{ND,PP(MP)'
relevant correlation function is

I, = i [ de 0T ag(G & iGus)s)(0) 5000l 0)0)
= —+{ Gsuaps) = (e = )] = o = 1 i
+ ]%{ [(pﬂguozpﬁ) —(p = V)] - [a A B] +p2(gozugﬁu - gaugﬁﬂ)}nj. (C.3)

The invariant functions H‘jﬁ and Hj contain contributions of 1~ and 1+ mesons, respectively,
and can be separated by considering the two projections

( Z)ZH:I: = M VBT _2(pz)2 It + 1t
p 1 = g afur p2 \% Al
Iy = g"g" It

Sy = —6[T — 115 . (C.4)

In calculating HE, we use dimensional regularization and the identity

= 1 -

G;w - ZG;U/V5 = Z{O-;Wao-po}Gp (C5)
in order to avoid ambiguities with the definition of the epsilon-tensor and the 5 matrix in
d dimensions. Here {...,...} denotes the anti-commutator. We find

_ Qs 4 ,u2 1 o N B ,uz 8T o 1 jas
Iy = =537 R [ms@@ +mq<58>] 1D_—pg - 9—p2as<85><q(J> ~ <? G >
1 1
+ 27 [mq(qaqu> + ms(sagGsﬂ 67 [mq(sagGs> + ms<qaqu>}
— o [malda) +my(ss)] = 25 ma(ss) + mq(da)]
2
_ Qs 4 u? Qg _ 0 8w o 1 /jas
I, _48;31) In— +5— [ms@@ + mq<55>] 1D_—pg + 9—p2as<85><q(J> o1 < -G >

1
3w
1 1

+ 1o — [mq(qaqu> + ms(sagGsﬂ — & — [mq(sagGs> + ms<qaqu>}

Qs

= 5, [ms(qa) +mglss)] —

Qs

o [ms(5s) +mqe(qq)] ,
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-p?2 97 —p
1o u?  8x 87 _ 9
52 [malaa) +mass)| In £ — S0 (58) @) + g7 g [(5) + (@0)°]
+ oy [mg(@09Ga) + my(509Gs)| — 202 malda) +ma(5s)
12,2 mg(qogGq) + ms(509Gs 27 ms{qq) + mgy(3s)|,
2 2 2
o Qs g W LNy o TasT o . p
Hh=tml st g (56 9 ma(d0) + ma(ss) | n —p?
lasp . _ proo 8w 8 2 2
9 [mq(qq> + ms(ss>] In i 9—]92(18(33>(qq> T [(ss> + (qq) }
1 _ _ as _
~ P |:mq<qg'qu> + ms(sagGsﬂ = o [ms(qq) + mq(ss)] - (C.6)

Again, the correlation functions for the p meson are obtained by s — ¢, and those for ¢ by
q — s. The above functions allow one to derive the PP sum rules
1N\2 4 —-m2., /M? _ +
(fK*> M Ci‘ND,PPe oM = B I (€.7)
and correspondingly for axial-vector mesons. As discussed in ref. [], there are actually
two strange 1T mesons, K1(1270) and K7(1400), which are usually interpreted as mixture
of a 3P, state, the K,, and a ! P, state, the K}, [@, @]:

K1(1270) = K, cosfxg — Kpsin O,

K1(1400) = K, sinfx + K cos .
The results of refs. [BF, BJ] indicate that the system is close to ideal mixing, i.e. O = 45°.
To the accuracy needed here it is then sufficient to replace the two resonances by one

effective one with the mass my, = 1.34 GeV [BJ]. We find that the sum rules for ¢ i and its
axial-vector equivalent are dominated by the gluon condensate contribution, which implies

(fie P, CHUSD)| o~ =(fk)Pmie ¢ (C8)

ND,PP

with ~ 30% accuracy. For ¢, no single contribution is dominant, but one still finds that
¢+ and ¢*(K7) have opposite sign. This is similar to the situation with PP sum rules for
the G-odd twist-4 parameters /ﬁ}i‘K* and /ﬁJi‘Kl discussed in ref. [21], and has some impact
on the relative size of continuum contributions in PP vs. MP sum rules. We will come back
to this point below. In figure [], we show the results for CﬂND’Pp.

The values of sy are chosen in such a way as to ensure maximum stability of ( JHND’PP
in the Borel parameter. Note that the sum rules ([C.7) are quite sensitive to the value of
the continuum threshold, which we vary by £0.3 GeV2. Including this uncertainty and the
variation in M?, in the interval 1GeV? < M? < 2GeV?, and the error induced by the

hadronic input parameters, tables ] and ], we find, at the scale p = 1 GeV:

1 1
— _0.12+004, ¢t ( — 0.03+0.02,
< (p)‘ND,PP = (p) ND,PP
1L * 1 *
K — —0.07 +0.02 K — 0.04 + 0.02
CJr ( ) ND,PP 9 C, ( ) PP )
1 1
— 0054002, (! ‘ — 0.04+0.02. C.9
IO - )] (©9)
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Figure 6: [Colour online] d_"ND’PP (left) and Cf‘ND’PP (right) from the PP sum rule (C.7),

as functions of M?, for u = 1GeV and central values of input parameters. Solid [red] lines: p
(s0 = 1.2GeV?), long dashes [green]: K* (so = 1.4 GeV?), short dashes [blue]: ¢ (5o = 1.8 GeV?).
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Figure 7: [Colour online] d_“ND vp (left) and Cf‘ND yp (right) from the MP sum rule (c1d),
as functions of M?, for u = 1GeV and central values of input parameters. Solid [red] lines: p
(s0 = 1.0GeV?), long dashes [green]: K* (so = 1.2 GeV?), short dashes [blue]: ¢ (so = 1.5GeV?).

We have added all individual uncertainties in quadrature. The bulk of SU(3) breaking in
these quantities is due to the factor m{,(fif)? in (C.7), with m%. (ffl(*)Q/(m‘;(fplf) =22
and mé(fé)Q/(m‘;(fpl)Q) = 3.8, which explains the relative hierarchy (1 (p)| > [(L(K*)| >
IC i(qﬁ)] For ¢+, one has a cancellation of several terms which renders the interpretation
of the hierarchy of the curves in figure f] less clear-cut.

Let us now turn to the extraction of ¢+ from MP sum rules, which contain contri-
butions from both vector and axial-vector mesons. These sum rules are derived from the
combinations (H‘i/ + I1%) /p? and, thanks to the factor 1/p?, benefit from a smaller mass
dimension than the PP sum rules:

1\2 2 1
=) M
(fK ) i+ CF ND MP

2 2 1
e MR /M? _ g = (I3 + 11%) . (C.10)
The corresponding results are shown in figure []. The sum rule for ¢ i‘ND \p consists
of only two terms: the quark-condensate and the four-quark-condensate contributions,
with the latter dominant. Such a sum rule, sensitive to higher-dimensional condensates,

is not reliable and we do not include its results into our final value for Ci. CHND MP?
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on the other hand, does not receive any contribution from the four-quark condensate,

and is dominated by the gluon condensate. In contrast to Ci is rather

|ND,PP’ CﬂHND,MP
insensitive to the precise value of the continuum threshold sy. The reason for this is the
different sign of vector and axial-vector contributions to the hadronic side of the sum
rule: as mentioned above, the 17 and 1~ matrix elements tend to have different sign, and
hence the resonance contributions to the sum rule tend to cancel, reducing the size of the
continuum contribution. We choose sy for the MP sum rules slightly below that for PP
sum rules, to account for the lower mass of the 17 ground state as compared to the first
1~ excitation. Using again the hadronic input parameters from table f] and table [, and
varying so by £0.3 GeV?2, and M? in the window 1 GeV? < M? < 2GeV?, we obtain the

following results for CHND vp (at the scale = 1GeV):

1 1 * 1
- —0.07+003, (XK —0.03+0.02, (= ‘ —0+0.02.
¢ (p)‘ND,MP (= (K7) ND,MP (@) ND,MP
(C.11)

We have added all individual uncertainties in quadrature. We do not give any results for
¢ ﬂND’MP because this sum rule is dominated by higher-dimension condensates and hence
not reliable. Again SU(3) breaking in the above numbers is dominated by the overall factors
m%,( f&)2 in (CI0). Both PP and MP non-diagonal sum rules agree about the signs of &=
¢t >0and ¢t <0,

Let us now discuss the diagonal sum rules for ¢+ which can be derived from the
correlation function of two quark-antiquark-gluon currents:

5, = / dtye =P (0|T{[qg(Cw £ iGu5)5)(0)[59(Gap = iGags)al(y) }O)
= {100 — (0= )~ o = ) (€.12)
L { Buap) 0= ] o 85 P gans — )

Like for the non-diagonal correlation function ([C.), the invariant functions H‘jﬁi and Hji
contain contributions of J¥ = 1~ and 17 states, respectively, and can be separated by the

projections
v (p2)”
(pz)ZHf[i = M2% ﬁﬂiﬁiy =-2 pe [H‘jﬁi + Hjﬂ,
I = ghogPTs, = —6[11$i - Hjﬂ. (C.13)

Obviously H‘t(A) = H‘;EFA). We calculate these invariant functions neglecting mass correc-

tions and find

2 3 G3> 2 1

H++ - _ Qs 61 b <g f _ g_ P o, G J—
v o3P M t e 394\19)(a09 Q>p2,
2 3 G3> 2 1

ot — — % 6 r: (g _ 9 e ieaCa)—
A B0l M E T e 311004096

)

1 a —p? Ar oy (PFGR [ pE 1] 2367
I, —<—SG2> 2 L 2T 2 1 e G
vomtg (GG )ty @s{39)"+=5,— n 55| o6 (q9)(qo9Gq)

’UM| —_
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_ 1 (% _p2 A7 B <93fG3> Mz 1 592 ) ) 1
I~ = -3 <f@2>p2 In 7jtgas(qqﬁ_ S | 73 +m<qq><qaqu>ﬁ ,
2 3 3 2
a0 (PGP 29¢° 1
Iy" = —go? M7 ¥ gz~ 3aq (10(409G) 5
2 3 3 2
—— as o, —p° (9°fG°)  13¢°,_ ., _ 1
Ham =~ 1 - Gq)— - C.14

Without quark-mass corrections, the above results only allow the calculation of the p
couplings. We construct PP and MP sum rules for (Ci)z and (¢1)?, and also for the
product Ci(}

(f)Pm (22| = Bally, (C.15)

(f)Pm (CHeH)| L = Banlly (C.16)
1

(i Pmy 27| = By (I 1055, (C.17)

(2 D] = B (T +T157). (C.18)

The results are shown in figures [ and [g.

As figure § indicates, both (IC.16) and ([C.1§) predict different sign for Ci and ¢t
which agrees with the result from non-diagonal sum rules, figures [ and [{. In figure [ we
plot the results from ([C.15) and (IC.17). All four sum rules receive contributions only from
perturbation theory and the dimension 8 condensate (gq)(GogGq). For both sum rules for
¢ i, perturbation theory is dominant, whereas for those for (1, the condensate is dominant.
For ¢ HD yp it comes with a negative sign, which explains the fact that the dashed curve
in ﬁgure (right) only starts at large M?2: below that, the result is imaginary. A possible
explanation is the contribution of hybrid 1 states to the sum rules, both for CHDMP
and CHDPP. Indeed, replacing the parametrisation on the left-hand side of ([C.17) by
a contribution of such a state, with a mass ~ 1.5 or 2GeV, and correspondingly larger
so ~ 4GeV?, the coupling becomes real. In any case, the dominance of the dimension-8
term in (Gq)(gogGq) in these sum rules renders them unreliable and hence we discard their
results. As for CﬂD, the sum rule is very dependent on sy, which totally dominates the
error budget. This is another manifestation of the fact that the currents in (C.13) have a
strong coupling to hybrid states. We finally find

1 L
= —0.06 = 0.02 = —0.04 £ 0.02. C.19
C+‘D,PP ’ ¢ D,MP ( )

Our last task is to give final results for Ci and, equivalently, C4lv and Zéfv, according
to (C.1)). Let us first discuss the p parameters, as only for those we have information from
both diagonal and non-diagonal sum rules. For Ci, we have three results, CﬂDPP and
CJHD \p from (C.19), dominated by perturbation theory, and CﬂND pp = —0.12 £0.04,
dominated by the gluon condensate contribution. As none of these results is a priori

“better” than the others, we average over all of them to obtain our final result

¢E(p,1GeV) = —0.10 £ 0.06. (C.20)
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Figure 8: [Colour online] (({:¢X)p for p from the PP sum rule ([C.14) (solid [red] curve) and the
MP sum rule (C.1§) (dashed [green] curve).
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Figure 9: [Colour online] |({|p (left) and |(X[p (right), for the p, from the sum rules (C.15)
and (C-I7). Solid [red] curves: PP (so = 1.2GeV?), dashed [green] curves: MP sum rules (s =
1.0 GeV?).

The average is smaller than the MP sum result alone, which we take into account when
arriving at our final results for K* and ¢ from ([C.9):

CH(K*,1GeV) = —0.06 £0.03, (3 (¢,1GeV) = —0.04 £0.03. (C.21)

As for ¢, the diagonal sum rules have to be discarded, whereas the non-diagonal ones yield
¢t |ND,PP = 0.03+£0.02, with the most relevant contributions from perturbation theory and
the dimension 6 condensate (gq)%, and ¢+ ‘ND,MP = 0.07 + 0.03, with the most relevant
contributions from perturbation theory and the gluon condensate. Here we obtain our final

result as a straight average of PP and MP sum rules and find, from (C.9) and ([C.11)):

CH(p,1GeV) = 0.05£0.05, C¢(K*,1GeV) =0.04+0.04, ¢ (¢,1GeV) = 0.024+0.04.
(C.22)

From ([C.)), we also find the final results for ¢ 4lv and ijz

(1,(1GeV) = —0.03£0.05, (jx-(1GeV)=—0.01£0.03, (5(1GeV)=—0.01+0.03,

(5(1GeV) = —0.08 £0.05, (fi-(1GeV) = —0.05£0.04, (j5(1GeV) = —0.03 £ 0.04.
(C.23)
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A comparison of our results with those from previous calculations is given in section f.

References

[1] V.L. Chernyak and A.R. Zhitnitsky, Asymptotic behavior of hadron form-factors in quark
model. (in russian), JETP Lett. 25 (1977) 51(| [Pisma_Zh. Eksp. Teor. Fiz. 25 (1977) 544|;
Asymptotics of hadronic form-factors in the quantum chromodynamics. (in russian), [Sov. JJ

| Nucl. Phys. 31 (1980) 544 [Yad. Fiz. 31 (1980) 1053];

A.V. Efremov and A.V. Radyushkin, Factorization and asymptotical behavior of pion

form-factor in QCD, |Phys. Lett. B 94 (1980) 245 Asymptotical behavior of pion

electromagnetic form-factor in QCD, [Theor. Math. Phys. 42 (1980) 97 [Teor. Mat. Fiz. 42

(1980) 147];

G.P. Lepage and S.J. Brodsky, Exclusive processes in quantum chromodynamics: evolution

equations for hadronic wave functions and the form-factors of mesons, |Phys. Lett. B 87

(1979) 359; Exclusive processes in perturbative quantum chromodynamics, |Phys. Rev. D 22

(1980) 2157;

V.L. Chernyak, A.R. Zhitnitsky and V.G. Serbo, Asymptotic hadronic form-factors in

quantum chromodynamics, JETP Lett. 26 (1977) 594 [|Pisma Zh. Eksp. Teor. Fiz. 26 (1977)

]; Calculation of asymptotics of the pion electromagnetic form-factor in the QCD
perturbation theory. (in russian), [Sov. J. Nucl. Phys. 31 (1980) 559 [[Yad. Fiz. 31 (1980)

[ 1069.

[2] S.J. Brodsky and G.P. Lepage, Ezclusive processes in quantum chromodynamics,
| Direct. High Energy Phys. 5 (1989) 93.

[3] S.J. Brodsky, H.-C. Pauli and S.S. Pinsky, Quantum chromodynamics and other field theories
on the light cone, [Phys. Rept. 301 (1998) 299 [hep-ph/9705477.

[4] For recent applications, see: P. Ball and R. Zwicky, Improved analysis of B — wev from QCD
sum rules on the light-cone, JHEP 10 (2001) 019 [hep-ph/01101185]; New results on
B — 7w, K,n decay formfactors from light-cone sum rules, [Phys. Rev. D 71 (2005) 014015
lhep-ph/0406232; Bgs — p,w, K*, ¢ decay form factors from light-cone sum rules revisited,
[Phys. Rev. D 71 (2005) 014029 [hep-ph/0412079[;
P. Ball and E. Kou, B — ~ev transitions from QCD sum rules on the light-cone,
(2003) 029 [hep-ph/0301135];
A. Khodjamirian, T. Mannel and N. Offen, B-meson distribution amplitude from the B —
form factor, [Phys. Lett. B 620 (2005) 59 [hep-ph/0504091;
P. Ball and R. Zwicky, |Viu| and constraints on the leading-twist pion distribution amplitude
from B — wlv, |Phys. Lett. B 625 (2005) 225 [hep-ph/0507076];
A. Khodjamirian, T. Mannel and N. Offen, Form factors from light-cone sum rules with
B-meson distribution amplitudes, [Phys. Rev. D 75 (2007) 054013 [hep-ph/0611193[;
P. Ball and G.W. Jones, B — 1 form factors in QCD, larXiv:0706.3628.

[5] M. Beneke, G. Buchalla, M. Neubert and C.T. Sachrajda, QCD factorization for B — ©w
decays: strong phases and CP-violation in the heavy quark limit, [Phys. Rev. Lett. 83 (1999)
[ 1914 [hep-ph/9905319].

[6] S:W. Bosch and G. Buchalla, The radiative decays B — V= at next-to-leading order in QCD,
[Nucl. Phys. B 621 (2002) 459 [hep-ph/0106081].

[7] M. Beneke, T. Feldmann and D. Seidel, Systematic approach to exclusive B — V {10~ , Vv
decays, [Nucl. Phys. B 612 (2001) 25 [hep-ph/0106067].

,36,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JTPLA%2C25%2C510
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=ZFPRA%2C25%2C544
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SJNCA%2C31%2C544
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SJNCA%2C31%2C544
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB94%2C245
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=TMPHA%2C42%2C97
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=TMFZA%2C42%2C147
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=TMFZA%2C42%2C147
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB87%2C359
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB87%2C359
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD22%2C2157
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD22%2C2157
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JTPLA%2C26%2C594
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=ZFPRA%2C26%2C760
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=ZFPRA%2C26%2C760
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SJNCA%2C31%2C552
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=YAFIA%2C31%2C1069
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=YAFIA%2C31%2C1069
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00319%2C5%2C93
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00319%2C5%2C93
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C301%2C299
http://arxiv.org/abs/hep-ph/9705477
http://jhep.sissa.it/stdsearch?paper=10%282001%29019
http://arxiv.org/abs/hep-ph/0110115
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD71%2C014015
http://arxiv.org/abs/hep-ph/0406232
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD71%2C014029
http://arxiv.org/abs/hep-ph/0412079
http://jhep.sissa.it/stdsearch?paper=04%282003%29029
http://jhep.sissa.it/stdsearch?paper=04%282003%29029
http://arxiv.org/abs/hep-ph/0301135
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB620%2C52
http://arxiv.org/abs/hep-ph/0504091
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB625%2C225
http://arxiv.org/abs/hep-ph/0507076
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD75%2C054013
http://arxiv.org/abs/hep-ph/0611193
http://arxiv.org/abs/0706.3628
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C83%2C1914
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C83%2C1914
http://arxiv.org/abs/hep-ph/9905312
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB621%2C459
http://arxiv.org/abs/hep-ph/0106081
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB612%2C25
http://arxiv.org/abs/hep-ph/0106067

8]

P. Ball and R. Zwicky, |V;a/Vis| from B — V~, JHEP 04 (2006) 04 [hep-ph/0603232;
Time-dependent CP asymmetry in B — K*v as a (quasi) null test of the standard model,
[Phys. Lett. B 642 (2006) 47§ [hep-ph/0609037];

P. Ball, G.W. Jones and R. Zwicky, B — vy beyond QCD factorisation, [Phys. Rev. D 75

(2007) 054004 [hep-ph/0612081)].

[9]

V.M. Braun and LE. Filyanov, Conformal invariance and pion wave functions of nonleading

twist, {Sov. J. Nucl. Phys. 52 (1990) 12q [|Z. Physik C 48 (1990) 239 [Yad. Fiz. 52 (1990)

—

[10]

LI. Balitsky and V.M. Braun, Evolution equations for QCD string operators,

311 (1989) 541|.

[11]

[12]

[13]

[14]

[15]

[16]

[17]

V.M. Braun, G.P. Korchemsky and D. Mueller, The uses of conformal symmetry in QCD,
[Prog. Part. Nucl. Phys. 51 (2003) 311] [hep-ph/0306057].

J.R. Andersen, Renormalon model of twist-4 corrections to the pion distribution amplitude,
[Phys. Lett. B 475 (2000) 141| [hep-ph/9909396].

V.M. Braun, E. Gardi and S. Gottwald, Renormalon approach to higher-twist distribution
amplitudes and the convergence of the conformal expansion, |[Nucl. Phys. B 685 (2004) 171
[hep-ph/040115g).

P. Ball, V.M. Braun and A. Lenz, Higher-twist distribution amplitudes of the K meson in
QCD, UHEP 05 (2006) 004 [hep-ph/0603063].

P. Ball, V.M. Braun, Y. Koike and K. Tanaka, Higher twist distribution amplitudes of vector
mesons in QCD: formalism and twist three distributions, [Nucl. Phys. B 529 (1998) 323
[hep-ph/9802299].

P. Ball and V.M. Braun, Higher twist distribution amplitudes of vector mesons in QCD:
twist-4 distributions and meson mass corrections, |[Nucl. Phys. B 543 (1999) 201
[hep-ph/9810475).

P. Ball and G.W. Jones, Twist-3 distribution amplitudes of K* and ¢ mesons, JHEP 03

(2007) 069 [hep-ph/0702104].

[18]

P. Ball and M. Boglione, SU(3) breaking in K and K* distribution amplitudes,

68 (2003) 094004 [hep-ph/0307337].

[19]

[20]

V.M. Braun and A. Lenz, On the SU(3) symmetry-breaking corrections to meson distribution
amplitudes, [Phys. Rev. D 70 (2004) 07402( [hep-ph/0407289.

P. Ball and R. Zwicky, SU(3) breaking of leading-twist K and K* distribution amplitudes: a
reprise, [Phys. Lett. B 633 (2006) 289 [hep-ph/051033].

P. Ball and R. Zwicky, Operator relations for SU(3) breaking contributions to K and K*
distribution amplitudes, JHEP 02 (2006) 034] [hep-ph/0601086].

P. Ball, Theoretical update of pseudoscalar meson distribution amplitudes of higher twist: the
nonsinglet case, JHEP 01 (1999) 01 [hep-ph/9812375].

LI Balitsky, V.M. Braun and A.V. Kolesnichenko, Radiative decay o™ — py in quantum
chromodynamics, [Nucl. Phys. B 312 (1989) 509,

,37,


http://jhep.sissa.it/stdsearch?paper=04%282006%29046
http://arxiv.org/abs/hep-ph/0603232
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB642%2C478
http://arxiv.org/abs/hep-ph/0609037
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD75%2C054004
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD75%2C054004
http://arxiv.org/abs/hep-ph/0612081
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SJNCA%2C52%2C126
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=ZEPYA%2CC48%2C239
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=YAFIA%2C52%2C199
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=YAFIA%2C52%2C199
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB311%2C541
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB311%2C541
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PPNPD%2C51%2C311
http://arxiv.org/abs/hep-ph/0306057
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB475%2C141
http://arxiv.org/abs/hep-ph/9909396
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB685%2C171
http://arxiv.org/abs/hep-ph/0401158
http://jhep.sissa.it/stdsearch?paper=05%282006%29004
http://arxiv.org/abs/hep-ph/0603063
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB529%2C323
http://arxiv.org/abs/hep-ph/9802299
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB543%2C201
http://arxiv.org/abs/hep-ph/9810475
http://jhep.sissa.it/stdsearch?paper=03%282007%29069
http://jhep.sissa.it/stdsearch?paper=03%282007%29069
http://arxiv.org/abs/hep-ph/0702100
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD68%2C094006
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD68%2C094006
http://arxiv.org/abs/hep-ph/0307337
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD70%2C074020
http://arxiv.org/abs/hep-ph/0407282
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB633%2C289
http://arxiv.org/abs/hep-ph/0510338
http://jhep.sissa.it/stdsearch?paper=02%282006%29034
http://arxiv.org/abs/hep-ph/0601086
http://jhep.sissa.it/stdsearch?paper=01%281999%29010
http://arxiv.org/abs/hep-ph/9812375
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB312%2C509

[24] V.M. Braun, S.E. Derkachov, G.P. Korchemsky and A.N. Manashov, Baryon distribution
amplitudes in QCD, [Nucl. Phys. B 553 (1999) 353 [hep-ph/9902374];
V.M. Braun, G.P. Korchemsky and A.N. Manashov, Evolution equation for the structure
function g2(z, Q?), [Nucl. Phys. B 603 (2001) 69 [hep-ph/0102313].

[25] J.B. Kogut and D.E. Soper, Quantum electrodynamics in the infinite momentum frame,
[Phys. Rev. D 1 (1970) 2901

[26] P. Ball, Testing QCD sum rules on the light-cone in D — (m, K){v decays, |Phys. Lett. B 641
[ (2006) 5( [hep-ph/0608114].

[27] V.M. Braun and A.V. Kolesnichenko, Ezotic scalar JF¢ = OF meson from QCD sum rules,
[Phys. Lett. B 175 (1986) 48§ [ISov. J. Nucl. Phys. 44 (1986) 489 [[Yad. Fiz. 44 (1986) 754].

[28] A.R. Zhitnitsky, Method of calculating many component vacuum expectation values
<(QQ)? >,<G®>,<G*> ... in QCD. (in russian), Sov. J. Nucl. Phys. 41 (1985) 844
[Yad. Fiz. 41 (1985) 1331].

[29] F. Knechtli, Lattice computation of the strange quark mass in QCD, [Acta Phys. Polon. B3§
[ (2005) 3377 [hep-ph/0511033].

[30] E. Gamiz, M. Jamin, A. Pich, J. Prades and F. Schwab, V,,s and M, from hadronic tau

decays, |Phys. Rev. Lett. 94 (2005) 011803 [hep-ph/0408044];
+

S. Narison, Strange quark mass from eTe™ revisited and present status of light quark masses,

[Phys. Rev. D 74 (2006) 034013 [hep-ph/0510104];

K.G. Chetyrkin and A. Khodjamirian, Strange quark mass from pseudoscalar sum rule with

O(a?) accuracy, [Bur. Phys. J. C 46 (2006) 721] [hep-ph/051229§];

M. Jamin, J.A. Oller and A. Pich, Scalar K 7 form factor and light quark masses,
[ D 74 (2006) 074009 [hep-ph/0605095].

[31] PARTICLE DATA GROUP, W.M. Yao et al., Review of particle physics, |J. Phys. G 33 (2006)

[32] M. Suzuki, Strange azial - vector mesons, |Phys. Rev. D 47 (1993) 1252

[33] L. Burakovsky and J.T. Goldman, Towards resolution of the enigmas of p-wave meson
spectroscopy, [Phys. Rev. D 57 (1998) 287 [hep-ph/9703271]].

,38,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB553%2C355
http://arxiv.org/abs/hep-ph/9902375
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB603%2C69
http://arxiv.org/abs/hep-ph/0102313
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD1%2C2901
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB641%2C50
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB641%2C50
http://arxiv.org/abs/hep-ph/0608116
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB175%2C485
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SJNCA%2C44%2C489
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=YAFIA%2C44%2C756
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SJNCA%2C41%2C846
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=YAFIA%2C41%2C1331
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APPOA%2CB36%2C3377
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APPOA%2CB36%2C3377
http://arxiv.org/abs/hep-ph/0511033
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C94%2C011803
http://arxiv.org/abs/hep-ph/0408044
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD74%2C034013
http://arxiv.org/abs/hep-ph/0510108
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=EPHJA%2CC46%2C721
http://arxiv.org/abs/hep-ph/0512295
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD74%2C074009
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD74%2C074009
http://arxiv.org/abs/hep-ph/0605095
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPHGB%2CG33%2C1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPHGB%2CG33%2C1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD47%2C1252
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD57%2C2879
http://arxiv.org/abs/hep-ph/9703271

